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ABSTRACT 

A f i n i t e  d i f f e r e n c e  scheme f o r  three-d,,nensional steady 
laminar incompressible f lows i s  presented. 
equations a re  expressed conserva t i ve l y  i n  terms o f  v e l o c i t y  
and pressure Increments ( d e l t a  form). F i r s t  order  upwind 
d i f f e r e n c e s  a r e  used f o r  f lrst order  p a r t i a l  d e r i v a t i v e s  o f  
v e l o c i t y  increments r e s u l t i n g  i n  a d i a g o n a l l y  dominant m a t r i x  
system. Centra l  d i f f e r e n c e s  a re  a p p l i e d  t o  a l l  o ther  terms 

a l g o r i t h m  i s  used t o  s a t i s f y  the  c o n t i n u i t y  equation. Numer- 
i c a l  r e s u l t s  a re  presented f o r  cubic c a v i t y  f l o w  problems f o r  
Reynolds numbers up t o  2000 and a re  i n  good agreement w i t h  
o the r  numerical r e s u l t s .  

The Navier-Stokes 

m 
Ln 
m 
w 

r-4 

I f o r  second order accuracy. The SIMPLE pressure c o r r e c t l o n  

1. INTRODUCTION 

Two basic  problems f o r  a f i n i t e  d i f f e r e n c e  scheme f o r  
incompressible Navier-Stokes equations a re  s t a b i l i t y  and 
accuracy. 
c e n t r a l  d l f f e r e n c e  method, but I t  I s  unstable a t  h igh  
Reynolds number. S t a b i l i t y  a t  very  h i g h  Reynolds numbers can 
be achieved us lng f i r s t  order upwind d i f f e r e n c i n g ,  b u t  i t  i s  
on l y  f i r s t  order accurate.  Several schemes which comblne 
upwind and c e n t r a l  d i f f e rences  have been developed [ l ] ,  bu t  
these methods a r e  on ly  f l r s t  order  accurate.  
order upwind method encounters d i f f i c u l t i e s  w i t h  convergence 
and accuracy [ 2 ] .  

Second order  accuracy can be achieved by us ing a 

The second 

The present  approach r e t a i n s  t h e  second order  accuracy 
o f  c e n t r a l  d i f f e r e n c i n g  while u t i l i z i n g  t h e  s t a b i l i t y  o f  
f i r s t  order upwind d l f f e r e n c l n g .  The incompressible Navier-  
Stokes equations i n  conservat ive d e l t a  form [SI a r e  formu- 
l a t e d ,  1.e.. momentum equations a r e  w r i t t e n  I n  terms o f  t h e  
increments o f  p r i m i t i v e  va r iab les  r a t h e r  than p r i r q i t i v e  v a r i -  
ables themselves. The equations a re  then decoupled and 
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solved s e m i - l m p l l c l t l y .  By us lng  c e n t r a l  d l f f e r e n c l n g  f o r  
t h e  p r l m l t l v e  v a r l a b l e  terms on t h e  r l g h t  hand s i d e  of t h e  
equations, t he  scheme achleves second order  accuracy. By 
apply ing f l r s t  order upwlnd d i f f e r e n c i n g  f o r  t he  f i r s t  order  
p a r t i a l  d e r i v a t l v e  v e l o c i t y  Increment t e r m s  on t h e  l e f t  hand 
s ide  o f  t h e  equations, t h e  method y i e l d s  a d l a g o n a l l y  doml- 
nant m a t r l x  system whlch I s  then solved by a l i n e  by l i n e  
t r l d l a g o n a l - m a t r l x  a lgo r i t hm.  
equation, t he  SIMPLE a l g o r i t h m  [ 1 , 4 , 5 ]  f o r  pressure correc-  
t i o n  i s  used. 

To s a t l s f y  t h e  c o n t l n u l t y  

The present f i n l t e  d i f f e r e n c e  approach I s  used t o  so lve 
t h e  cubic c a v l t y  f l o w  problem whlch was s tud ied  by numerous 
authors [6 - l o ] .  Thls problem I s  impor tant  because I t  I s  a 
three-dimensional steady separated f l o w  w i t h  very simple 
geometry and boundary cond i t i ons .  I n  t h i s  paper, t he  r e s u l t s  
a re  compared w l t h  those o f  o the r  numerical  methods f o r  
Reynolds numbers up t o  2000. 

2. GOVERNING EQUATIONS 

The Navler-Stokes equations f o r  incornpresslble vlscous 
f lows are: 

au a a a - at + ax (uu) + - (vu)  + (wu) = aY 
B , L ( u  2 a u + a u  2 

- +2 2, 2 ax Re ax2 ay az  

- av a a a 
at + (uv)  + - (vv)  + ;iT (wv) = aY 

- aw a a a 
at + (uw) + - (vu)  + - (ww) = aY a t  

where u, v, and w a r e  v e l o c i t y  components, p I s  pressure, 
and Re I s  Reynolds number. 

A l l  va r l ab les  a re  nondimensional lzed by t h e  character-  
i s t l c  v e l o c l t y  o f  t h e  upper sur face and the  c h a r a c t e r i s t i c  
l e n g t h  o f  t he  box s ide.  



Let uN, vN, wN, and pN be the quantities corresponding 
to u, v, w,  and p at time level N. Let 

6uN = uN+1 - UN ( 5 )  

and let bvN, bwN, and 6pN be defined similarly. 

Applying the fully Implicit method to Eq.  (2) for 
one obtains: 

uN+l, 

N N N - au 
at ax aY t a (UN t bu )(uN t buN) + a (vN + 6VN)(UN + bu ) 

N N a N 
t a (wN t 6 W  )(uN + bU ) = - (PN + 6P 1 az 

+ buN)] (6) 
az 

After dropping all second order terms and rearranging, 
Eq. (6) becomes 

N a  N N  a N N  a N N  - au 
at ax aY t - (2u bu ) + - (v bu ) + az ( w  bU ) 

N N  a N N  a 2 w N  a 2 N  bu 
- t +  -[$(u u ) t - ( v  aY u )  

az 

a N a N N  a N N  - - 4 p  - - u u v  - - u b w  ax aY az 

The above equatlon is decoupled from the others by set- 
ting bvN, bwN, and bpN equal to zero. With this assump- 
tion, the right hand side o f  the equation Is exactly the 
steady state incompressible viscous equation. The accuracy 
of the finite difference method applied to this expression is 
the accuracy of the scheme. Notice that the usual lineari- 
zation gives the term a/ax (uNbuN) instead of a/ax 
( 2uNbuN) as above. 
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F o r  completeness, t h e  corresponding expressions f o r  
Eqs. (3 )  and ( 4 )  a re  

- N a  N N  a N N  a N N  av 
t - ( u  dv ) + - (2v dv ) t - ( w  dv ) a t  ax aY a z  

ax 
t- 

ay2 az 

N ( a2vN a2vN a2vN) (7b)  
2 a z  +2 aY Re ax2 ay 

+ a (UNvN)]- 2tL t r - 
a z  

awN a N N  a N N  a N N  + - ( u  dw ) + - ( v  aw ) + (2w 6w ) - 
a t  ax 6Y 

Let u* be an es t imate  f o r  uNtl e tc . ,  then t h e  
v e l o c i t y  f l e l d  (u*, v*, and w * )  does n o t  s a t i s f y  c o n t t n u l t y  
i n  general.  To c o r r e c t  v e l o c i t y  and pressure, t h e  f o l l o w i n g  
pressure equation, based on t h e  SIMPLE pressure c o r r e c t i o n  
a lgo r i t hm [12], I s  solved. 

2 N  2 N  2 N  ~ t ~ t i L A J L = L  
2 az ax ay2 az 

where 6pN i s  t h e  pressure c o r r e c t i o n .  V e l o c i t y  and 
pressure a re  then cor rec ted  as fo l l ows :  

pN+l N N 

a m N  
ax  

aY 

a z  

= p + ap 6p 

= U* - A t  N t 1  
U 

N t l  = V *  - A t  adpN V 

N 
= W* - A t  N t 1  

W 

where ap i s  an under - re laxa t ion  f a c t o r  [12]. 



3 .  NUMERICAL METHOD 

An equa l l y  spaced rectangular  coord inate system i s  used 
throughout t h i s  study. For t h e  f i r s t  order  space d e r i v a t i v e s  
o f  t he  l e f t  hand s ide o f  Eq. ( 7 ) ,  f i r s t  order upwind 
d i f f e r e n c i n g  i s  used, e.g., 

N N 1 2(u~ , j , k6u l , j . k  - 
A X  

< o  
1 , 3  ,k 

when u 

S i m i l a r  expressions apply t o  

a N N  a N N  - ( v  bu ) and ( w  bu ) 
aY 

Centra l  d i f f e r e n c i n g  I s  used f o r  a l l  d i f f u s i o n  terms, e.g., 

where Q can be any var iab le.  

A l l  t e r m s  on t h e  r i g h t  hand s ide  o f  Eq. ( 7 )  a r e  d i sc re -  
t i z e d  by us ing  c e n t r a l  d i f f e r e n c i n g ,  e.g., 

N N N N 
a N N  - ( u u ) =  a x  

'1 t1  .j , k'i t1.1, k - '1-1 . I ,  kui -1  ,j , k 
2AX 

A l i n e  by l i n e  t r i d i a g o n a l - m a t r i x  a l g o r i t h m  i s  used. In 
t h e  x-momentum equation, Eq. 7(a), 6uN I s  found by sweeping 
i m p l l c i t y  i n  the  z d i r e c t i o n  on ly  once. S i m i l a r l y ,  6vN 
and bwN a r e  found by sweeping i m p l l c i t y  i n  t h e  x and y 
d i r e c t i o n s  r e s p e c t i v e l y .  The Poisson equat ion f o r  bpN, 
Eq. ( 8 ) ,  i s  swept i n  a l l  three d i r e c t i o n s  ( A D 1  method). 
Centra l  d i f f e r e n c e s  are used f o r  Eqs. (8)  t o  (12). The 
c a l c u l a t i o n  procedure I s  sketched schemat ica l ly  as  fo l l ows :  
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I Set du = 0; d V  = 0; dw = 0 + + 
+ 
.1 

[ Solve y-momentum for dv's I + 
I 

I 
I 

[ Solve z-momentum for dw's 
I 

1 

I Solve x-momentum for du's 

Update u; U* = uN + duN I 
1 

Update v; V* = vN + 6uN 

UDdate w: w* = wN + 6wN I 
1 

I Solve Eq. (8) for 6pN I 
I 
f 

Update u, v, w ,  and p 
using Eq. (9) to (12) + 1 1 1  

r 

(Stop) 
4. INITIAL AND BOUNDARY CONDITIONS 

For the initial iteration, u, v, w, and p are set to 
zero at each grid point, except u = 1 on z = 1 (upper sur- 
face); all values on the boundary remain unchanged, except 
the pressure which Is adjusted by second order extrapolation 
at each iteration. 

5 .  RESULTS 

All results presented here use the convergence criteria 
of 0.0001 for maximum du with an underrelaxation factor for 
pressure ap = 0.8. All grid slzes are 30 by 30 by 30 except 
otherwise Indicated. 
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The geometry and the boundary conditions for cubic cav- 
ity flow are shown In Fig. 1. A cubical box with its upper 
surface moving at constant speed u = 1 is shown in the 
figure. 

The results for Reynolds number 100 are given in Figs. 2 
to 5. Figure 2 shows the comparison of the velocity profile 
on the vertical center line with those of Cazalbou et al. [8] 
and Goda [6]. The agreement with both results is excellent. 

In order to show the flow directions for very small 
velocity vectors, all velocity vectors are stretched to con- 
stant magnitude (called velocity field in Ref. [8]). The 
velocity fleld In the symmetry plane is illustrated for 
Re = 100 in Fig. 3. 
figure and a small corner eddy at the bottom corner A ,  is 
also visible. Figure 4 shows a larger corner eddy at corner 
A ,  on the cross section just next to the side wall. 

A primary vortex is clearly shown in the 

Figures 5(a) to (d) show secondary flows on cross sec- 
tlons from x = 0.63 back to x = 0.47. A palr o f  large vor- 
tices are observed in reverse flow under the primary vortex. 
The sequence of motion for these vortices are shown from 
Figs. 5(a) to (d). ThIs pair of vortlces I s  formed from the 
side wall and moves toward the symnetry plane over a very 
short distance. 
metry plane. Another pair of secondary vortices is formed 
from the side walls close to the moving top surface 
(FIg. 5(c)) and disperses in a very short distance. 

They are mixed and dispersed near the sym- 

The results for Re = 400, 1000, and 2000 are shown in 
Figs. 6 to 9. The results are compared with other methods in 
Figs. 6(a) to (c). Figure 6(a) shows the excellent agreement 
with the results given by Cazalbou et al. [a] for 
The results given by Goda [6] in the same figure, however, 
are slightly different. For the case of Re = 1000, agreement 
with the results of Cazalbou et al. are very good except for 
only one point near the bottom surface. 
excellent agreement with the results given by Cazalbou et al. 
[8] is shown in FIg. 6(c). 

Re = 400. 

For Re = 2000, 

Velocity vectors i n  the symnetry plane for Re = 400 are 
shown In Fig. 7(a). The variation of magnitude of the velo- 
city vectors is shown in this figure. Some of the magnitudes 
of velocity vectors are as small as 0.0002. Figure 7(b) Is 
identical to Fig. 7(a), except it shows only the direction o f  
the velocity vectors. 
Re = 400 is larger than that for Re = 100. In Figs. 7(c) 
and (d), velocity fIelds in the symnetry plane for Re = 1000 
and 2000 are shown. In these figures, the location of the 
primary vortex center i s  closer to the center of the symnetry 
plane. A larger eddy i s  clearly seen at the corner 6. 
Velocity fields in the vertical plane next to the.slde wall 

Notice that the eddy at corner A, for 
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f o r  Re = 400, 1000, and 2000 a re  g iven i n  F igs.  8(a) t o  ( c ) .  
They are very d i f f e r e n t  f rom t h e  case f o r  Re = 100 i n  F ig .  4. 
A l a r g e r  p a i r  o f  upper secondary v o r t i c e s  f o r  Re = 400, 1000, 
and 2000 a re  observed i n  F igs.  9(a) t o  ( c ) .  I n  F ig .  9(c) ,  
t h e r e  are th ree  p a i r s  o f  v o r t i c e s  c lose  t o  t h e  bottom sur face  
ins tead of one p a i r  seen f o r  t he  cases of Re = 400 and 1000. 
I t  i s  s i m i l a r  t o  t h e  phenomena repor ted  exper imenta l l y  by 
Kosef f  e t  a l .  1111 f o r  Re = 2000. These v o r t i c e s  o n l y  appear 
i n  a very sho r t  d i s tance  around x = 0.54. 

The convergence h i s t o r y  f o r  Re = 100 1s  i l l u s t r a t e d  i n  

CPU-time on a CRAY X/MP 
F ig .  10. 
f o r  the 20 by 20 by 20 g r i d  s ize.  
f o r  d i f f e r e n t  cases a re  g iven i n  Table 1. I t shows t h a t  t h e  
present scheme i s  f a i r l y  f a s t  and e f f i c i e n t  f o r  low Reynolds 
numbers. 
than l O O O ) ,  t h e  scheme needs some improvement as shown by 
cpu-time i n  Table 1. 

CPU-time i s  on l y  19.8 sec on a CRAY X/MP computer 

However, when Reynolds numbers are  h i g h  ( g r e a t e r  

6. CONCLUSION 

A d iagona l l y  dominant f i n i t e  d i f f e r e n c e  scheme w i th  
second order accuracy i s  presented. Comparisons o f  present  
r e s u l t s  w i t h  o ther  numerical  methods are  i n  very good agree- 
ment. 
g r i d  po in ts  i s  on l y  19.8 sec on a CRAY X/MP computer. 

CPU- t ime  f o r  t he  case o f  Re = 100 w i t h  20 by 20 by 20 
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TABLE 1 .  - COMPUllNG CPU-TIME 

[ C R A Y  X/MP, e r r o r  < 0 . 0 0 0 1 . ]  

Reynolds G r i d  s i z e  1 number 
~~ 

100 
100 
400 

1000 
2000 

20  by 20 by 20 
30 by 30 by 30  
30  by 30 by 30 
30  by 30 by 30 
50 by 50 by 50 

bT 

0 . 1  
. 1  
. 1  
.1  
.Ol 

i t e r a t i o n s  

1 9 . 8 0  
8 8 . 3 9  

1 0 8 . 7 1  
147 - 9 7  393 

4712.76 281 5 

I'x 
1 

u = 1 UPPER SURFACE: u = 0 OTHER SURFACES 
v = 0 ALL SURFACES 

B * C '  w = 0 ALL SURFACES [ P SECOND-ORDER EXTRAPOLATION TO ALL SURFACES 

FIGURE 1. - GEOMETRY AND BOUNDARY CONDITIONS OF CUBIC CAVITY FLOW. 

- HWANG AND HUYNH 

0 CAZALBOU ET AL. 
(Ax = 1/20) 

0 GODA 
1 .o 

Y 
.5 

n 

t Z  

- 
X 

- 1  0 1 
U 

FIGURE 2. - COMPARISON OF VELOCITY PROFILES ON THE CENTERLINE 
FOR RE = 100. 
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t - X  

A 
(A)  X = 0.63. RE = 100, AX = 1/30. 

, I .  

( B )  X = 0.57. 

(C) X = 0.5. 

(D) X = 0.47. 

- HWANG AND HUYNH 

0 CAZALBOU ET AL.  
0 GODA 

1 .o 

. 5  

c 
(A) RE = 400. AX = 1/30. 

FIGURE 5. - DEVELOPWENT OF SECONDARY VORTICES. 

1.0 

E .> 

(B) RE = 1000. AX = 1/30. 

(C) RE = 2000, AX = 1/50. 

FIGURE 6. - COMPARISON OF VELOCITY 
PROFILES ON THE CENTERLINE. 
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RE = 400, Ax = 1/30. 

" 
( B )  RE = 400, AX = 1/30. 

ORIGINAL PAGE 1s 
CF K ) O R  QUALITY 

B 
(C )  RE = 1ooO. AX = 1/30. 

I 

(D) RE = ZOOO, AX = 1/50. 

FIGURE 7. - VELOCITY VECTORS I N  THE SYMMETRY PLANE. 

(A)  RE = 4OO.AX = 1/30. 

( B )  RE = 1OOO. AX = 1/30. 

(C) RE = ZOOO. AX = 1/50. 

F!GURE 8. - VELOCITY FIELDS I N  THE 
VERTICAL PLANE NEXT TO THE SIDE 
WALL. 
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(A )  X = 0.57, RE = 400. AX = 1/30. 

(B) X = 0.57. RE = 1OOO. AX = 1/30. 
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FIGURE 10. - CONVERGENCE HISTORY OF CUBIC CAVITY FLOW, 

RE = 100. CPU = 19.8 SEC. AX = 1/20. 
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FIGURE 9. - SECONDARY VORTICES. 
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